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An S-set is an algebraic structure that generalizes an effect algebra. Unlike effect
algebras, the tensor product of two S-sets always exists and this tensor product
can be concretely represented. Morphisms are used to study relationships between
S-sets and effect algebras. The S-set tensor product is employed to obtain
information about effect algebra tensor products.

1. INTRODUCTION

Effect algebras (or D-posets) have been recently introduced as an axio-
matic model for the foundations of quantum mechanics (Dvurecenskij and
Pulmannova, 1994; Dvureéenskij and Riecan, 1994; Foulis and Benneitt, 1994;
Kopka, 1982; Kopka and Chovanec, 1994; Navara and Ptdk, n.d.). Tensor
products of effect algebras are important because they are used to describe
coupled physical systems (Aerts and Daubechies, 1975; Foulis, 1989; Foulis
and Randall, 1980; Zecca, 1978), and various investigations concerning the
existence of tensor products have been conducted (Dvureenskij, 1995; Foulis
and Bennett, 1993; Pulmannova, 1985). However, it has now been shown
that the tensor product of two effect algebras need not exist (Gudder and
Greechie, 1996). This suggests the following question: Is there a suitable
generalization of an effect algebra for which tensor products always exist?

To answer this question, we introduce a structure called an S-set. An
S-set is a generalization of an effect algebra and the tensor product of two
S-sets always exists. Unlike previous effect-algebra tensor-product existence
proofs, our proof gives a concrete representation for the tensor product of
two S-sets. We also use morphisms to study relationships between S-sets and

'Department of Mathematics and Computer Science, University of Denver, Denver, Colo-
rado 80208.

2395
0020-7748/95/1200-2395%07.50/0 © 1995 Plenum Publishing Corporation



2396 Gudder

effect algebras. Finally, we employ S-set tensor products to obtain information
about effect algebra tensor products.

2. DEFINITIONS

A partial binary operation on a nonempty set P is a map ©: D(B) —
P with domain D(®) C P X P. For simplicity, we write a & b for & (a, b).
An S-set is an algebraic system P = (P, 0, 1, ©), where 0, 1 are distinct
elements of P and @ is a partial binary operation on P that satisfies the
following conditions:

(S1) If(a,b) € D(D), then (b, a) € D@) and b D a = a D b.

(S2) If(a, b) € D(®D) and (a D b, ¢) € D(®), then (b, ¢) € D(D),
abDc)e DD),andaS bDPc)=(@dDb) Dec.

(S3) For every a € P, there exists a b € P such that (a, b) € D(D)
anda® b = 1.

(S4) Foreverya e P,(0,a) € D) and 0 D a = a.

(S5) K@ b)eD@)anda D b =0,thena =5b = 0.

If D satisfies S1, S2, and S4, then P is a partial Abelian monoid (PAM)
and if in addition €@ satisfies S5, then % is a positive PAM (Wilce, n.d.).
Condition S3 ensures the existence of supplements. In particular, if a © b
= 1, we call b a supplement of a and we denote the set of supplements of
a by S(a). We denote the cardinality of a set A by A1, An S-set that satisfies
the following conditions is called an effect algebra (or D-poset) (Dvurecenskij
and Pulmannové, 1994; Dvurecenskij and Rie¢an, 1994; Foulis and Bennett,
1994; Kopka, 1982; Kopka and Chovanec, 1994; Navara and Ptak, n.d.):

(S6) If(a, 1) € D(®), thena = 0.

(S7) I1S(@)! =1 for every a € P.
It can be shown that S1-S3, S6, and S7 imply S4 and S5, so S4 and S5 are
redundant for effect algebras (Dvureenskij and Pulmannova, 1994; Foulis
and Bennett, 1994; Navara and Ptdk, n.d.). We say that an S-set is fotal if
@ is a binary operation (D() = P X P). It follows from S6 that no nontrivial
effect algebra is total.

Example 1. Let X be a nonempty set and let P = 2% be its power set.
We define 0 = (J and 1 = X. Letting a be an infinite cardinal, define

D(@®) = {(a,b) € PX P:|aNb| = a}

and for (a, b) € D(®P), definea® b = a U b. Then P = (P, 0, 1, D) clearly
satisfies S1 and S3-S5. To prove S2, suppose that (a, b),(a B b, ¢) € D(D).
Then la N bl = a and

@NaaU@GNo|=[aub)Nc|=a
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Hence, la N e¢l, ib N ¢l = a, and
lan@GuUo|=la@anbU@nNo|=|lanb|+]aNc/=2a=a

Thus, (b, ¢), (@, b D c) e D@)andaD b D)= @Dbh) Dc. IfIXl =
2, then P is an S-set that is not an effect algebra. If |X| < «, then P is a
total S-set and © = U. If 1 X| > «, then P is not total.

Example 2. Let P = [0, 1] C R, define 0 = 0,1 = l,anda © b =
min{g + b, 1} forall a, b € P. Then P = (P, 0, 1, D) clearly satisfies S1
and S3-S5. To prove 82, if a + b + ¢ = 1, then

@Oy DPc=a+b+c=aDGPo)

andifa+b+c>1,then(@a@bh)DPc=1=aD BDc) Thus, Pisa
total S-set that is not an effect algebra.

Example 3. Let H be a complex Hilbert space and let P be the set
of linear operators on H that satisfy 0 = A = [ for all A € P. Define 0 = 0,
1 =1, and, for A, B e P, define

A+ B if A+BeP
AEBB“{I if A+BgP
Then, as in Example 2, it is easy to show that = (P, 0, 1, &) is a total S-
set that is not an effect algebra.

Let P and Q be S-sets. A map &: P — Q is a morphism if $(0) = 0,
&(1) = 1, and if (@, b) € D(B), then (b(a), d(h)) e D(D) and db(a) D d(b)
= &(a @ b). If $ is a bijective morphism and ¢! is a morphism, then ¢ is
an isomorphism.

Let P, Q, and R be S-sets. A map B: P X Q — R is called a bimorphism
if the following conditions hold:

(1) B(,1)=1and B0, b) =P 0 =0foralla e P,be Q.
(2) If (a, b) € D(D), then (B(a, ¢), Bb, ¢)) € D(D) forallc € Q and

Bla, c) D Bk, c) =Blad b, c)
3) If(c,d) e D(D), then (B(a, ¢), P(a, d)) € D(D) forall a € P and
Bla, c) D Bla, d) = Bla, c b d)

It is interesting to note that a bimorphism B: P X Q — R always satisfies
the following apparently stronger conditions:

4) 1If (a, b) € D(D), then (B(a, ¢), B(b, d)) e D(®) forallc,d € Q.
(5) If(c,d) e D(D), then (B(a, ¢), B(b,d)) € D(®) foralla, b € P.
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For example, to prove (4), suppose a, b € P and ¢, d € Q with (a, b) €
D(D). Letting ¢’ € S(¢), d’ e S(d), we have

(B(a, ¢") ® Bla, o), Bb, d D d")) = (B(a, 1), B(b, 1)) € D(D)
Hence,
(B(a, ¢), B(b, d) B B(b, d") = (Bla, c), B(b,d D d")) € D(D)

so (B(a, ¢), B(b, d)) € D(®). The proof of (5) is similar.

Due to the associativity of €, we can omit parentheses when writing
the sum of three or more elements of an S-set when the sum exists. It easily
follows that

ad--Da,=a, D Da, (2.1)

for every permutation (i, ..., i,) of (1, ..., n) when the sum on the left-
hand side exists. Moreover,

al®...@an:(a1®"'®ak)®(ak+l®."®an) (2‘2)

when the sum on the left-hand side exists.

Let P, Q, and T be S-sets and let 7: P X @ — T be a bimorphism. We
say that (T, 7) is a tensor product of P and Q if the following conditions
are satisfied.

(1) If R is an S-set and B: P X @ — R is a bimorphism, then there
exists a morphism ¢: T — Rsuch that p = o 1.

(2) Every element of T is a finite sum of elements of the form v(a, b)
witha e P, b e Q.

If P, Q are affect algebras, the definition of a tensor product of P and
Q is similar. The only change is that 7 and R are assumed to be effect
algebras. The next lemma shows that if a tensor product exists, it is unigue.

Lemma 2.1. If (T, 1) and (T*, 7*) are tensor products of P and Q, then
there exists a unique isomorphism ¢: T'— T* such that ¢(t(a, b)) = 7*(a, b)
foralla e P, b e Q.

Proof. By definition of tensor products, there exist morphisms ¢: T —
T* and ¢*: T* — Tsuch that 7% = dpoTtand 7 = ¢* o 7*. If t € T, then ¢
has the form

t = 1(ay, b)) ® - D 7(a,, b,)
Hence,
¥ o b(1) = d*[d o t(ar, b)) D -+ D b o 7(ay, b))
= ¢* o1¥(ay, by) D -+ D * 2 %(a,, by)
=1(a, b) D - D 1(a, b, =1t
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Similarly, & o d*(r*) = ¢* for every r* e T*. Thus, ¢ is an isomorphism
and applying Condition 2, we see that ¢ is unique. m

3. TENSOR PRODUCTS OF S-SETS

In this section we show that the tensor product (7, 1) of any two S-sets
P and Q exists. Moreover, we give a concrete representation of (7, 7).

Theorem 3.1. If P and () are S-sets, then their tensor product (7, T) exists.

Proof. Let F(P X Q) be the set of all finite formal sums a;b; + -+ +
b a; e Pbe Q,a;,#0,b;,# 0,i =1, ..., n. We identify two formal
sums if they coincide except possibly for the order of their terms. A subsum
of ajby + -+ + a,b,is any A € F(P X Q) of the form

A= a,-lb,-l + -+ a,-mb,-m

where {iy, ..., i, C{l,...,n}. IffA=a;b; + - + a,b, € FP X Q)
andB=cd, + -+ c,d, € F(P X Q), wedefine A + B e F(P X Q) by

A+B=a1b1 + - +a,,bn+cld1 + "'Cmdm

with the convention that A + J = A, where & e F(P X Q) is the empty
sum. For A € F(P X Q) we define the following operations:

(1) If ac + bc is a subsum of A with (a, b) € D(D), replace ac + bc
by (a @ b)c. If (a @ b)c is a subsum of A with a, b # 0, replace (a D b)c
by ac + bc.

(2) If ac + ad is a subsum of A with (¢, d) € D(®), replace ac + ad
by a(c D d). If a(c D d) is a subsum of A with ¢, d # 0, replace a(c D d)
by ac + ad.

For A, B € F(P X Q) if A can be transformed into B by a finite sequence
of operations, we write A ~ B. It is clear that ~ is an equivalence relation.
We now observe that A ~ A; and B ~ By imply that A + B ~ A, + B,.
Indeed, on A + B we first apply the sequence of operations that takes A into
A and then apply the sequence of operations that takes B into B.

Let T(P X Q) = {A € F(P X 0): A ~ 11}. Notice that for every a
e PLbe @ a b+#0,thereexists an A € J(P X Q) such that ab is a term
of A. Indeed, let a’ € S(a), b’ € S(b) and let A = ab + a’'b + 1b’. Then

A~@@aY +1b' =1+ 10" ~1(bDb) =11

so A € J(P X Q). Denote the set of all subsums of elements of T(P X Q)
by €(P X Q). For A € é(P X Q) we define the equivalence class

TI(A) = {B € F(P X Q): B ~ A}
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Notice that if B & TI(A), then B € (P X Q). Indeed, there exists a C e
F(P X Q) suchthat A + C e T(P X Q). Hence, B+ C~ A+ C~ 11,
so B+ Ce J(P X Q). Hence, B € €(P X Q). Also, if A € €(P X Q)
and if A, is a subsum of A, then A; € (P X Q).

Using the notation II(11) = 1, we have II(E) = 1 for every E
F(P X Q). Using the notation TI() = 0, we have {J} = 0. Letting

T=1IKP X Q) = {II(A): A € é(P X O}

we have 0, 1 e T. We define a partial binary operation &: D(D) — T, D(®)
C T X T, as follows:

D(®) = {(I(4), II(B)): A + B € €(P X Q)}

and if (11(4), II(B)) € D(D), then II(A) D I1I(B) = II(A + B). To show that
@ is well defined, suppose A;, B; € (P X Q) and A; ~ A, B; ~ B. Then
A + By ~A+ B.Hence, A, + B, € (P X Q)ifand only if A + B €
E(P X Q) and in this case II(4; + B;) = 1I(A + B).

We now show that (7, 0, 1, ©) is an S-set. First, 0 # 1, since otherwise
& ~ 11 and this is clearly impossible. It is clear that & is commutative.
Suppose that

(I4), 11(B), (I14) @ 1(B), IKC)) e D(D)

ThenA + B + C e (P X Q) and (II(4) @ II(B)) @ [I(C) = II(A + B +
O). Hence, B + C € é(P X @) and TI(B) @ II(C) = II(B + C). Again,
(I1A), II(B) D II(C)) € D) and T1(A) @ (1I(B) © II(C)) = TIA + B +
C).If A € €(P X (), then there exists a B € €(P X Q) such that A + B
~ 11. Hence, (I1(A), II(B)) € D(®) and

IIa) © 11(B) = 1IA + B) = II(11) = 1

so Condition (S3) holds. Since & + A = A, we have (0, II(A)) € D(D) for
every [I(A) € Tand 0 + II(A) = II(F) + II(A) = II(A), so Condition (S4)
holds. Finally, to show that S5 holds, suppose (II(A), II(B)) € D(®) and
II(A) b II(B) = 0. Then I[I{(A + B) = 0,s0A + B = (J. Hence, A = B =
g=0.

Define the map 1: P X Q — T by 1(a, b) = 1l(ab) whenever a, b # 0
and 1(a, b) = 0 otherwise. This is consistent because we have shown that
ab € é(P X Q) whenever a, b # 0. Then 7(1, 1) = II(11) = 1 and (0, )
=(a,0)=0foreveryae Pbe Q. leta,b e P,c e Qwitha, b, c #
0 and (a, b) € D(D). Then for ¢’ € S(c) and (a D b)) € S(a @ b) we have

ac+ bc+ac’ + bc' + (@D bl
~alc®Dc)+blcDc)+ (@D b1
=al +bl+@Bb) ~@® bl +@db)'l ~11
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Hence, ac + bc € €(P X Q), so (Il(ac), II(bc)) € D(P) and
(ac) @ I(bc) = (ac + be) = I1((a D b))

Therefore, (1(a, ¢), 7(b, ¢)) € D(P) and 1(a, ¢) D 7(b, ¢) = 7(a D b, ¢). If
a, b, or ¢ is 0, we proceed in a similar way. Similarly, if a € Pand b, ¢ €
QO with (b, ¢) € D(®), then (1(a, b), T(a, ¢)) € D(D) and t(a, b) © 1(a, ¢)
= 7(a, b D ¢). We conclude that 7 is 2 bimorphism. To show that (P X Q)
generates T, let II(A) € T, where A = a\b; + -+ + a,b,. Then

I(A) = (a\by) ® --- & [l(a,b,) = 1(ay, b)) D -+ D 1(a,, by,)

Finally, to show that (7, 7) is the tensor product of P and Q, let R be
an S-set and let B: P X Q — R be a bimorphism. Let A, B € F(P X Q),
where A = giby + -+ + q,b,, B=cdy + - + c,d,, and suppose that
A ~ B. We shall show that if B(a,, b)) D -+ @ B(a,. b,) exists, then B(c;,
d) ® --- ® Blc,, d,) exists and the two expressions coincide. Indeed, if
we can transform A into B by a single operation, then B has the form

(a, © a))b; + asb; + -++ + a,b,
where b, = by, or the form
c¢hy +dby v ayby + -+ + ab,
where ¢ P d = q,. In the first case, we have
Bla; D ay, b)) D Blas, b3) - D B(a,, b,)
= Blai, by) © Plaz, b)) D -+ D Bla,, by)
and in the second case, we have
Blc, b)) @ B, b)) © Blay, by) @ -~ B Blan, by
= BlcDd, b)) D Blaz, b)) O -~ © Blan by
= Blay, b)) D Blay, b)) D -+ D Ba,, bo)

The result now follows by induction on the number of operations. Applying
this result, we conclude that for any a;b, + -+ + a,b, € J(P X Q) we have

B(al’ b!) @ Tt @ s(anv bn) =1

It follows from (2.2) that if A = ¢,dy + - + ¢,d,, € E(P X Q), then B(c,,
d)) @ -+ D Blc,, dy) is defined and we define ¢: T — R by

d)(H(A)) = B(Clv dl) @ e @ B(Cm, dm)

if A # (J and otherwise &(0) = 0. Our previous result shows that ¢ is well
defined. To show that &: T — R is a morphism, we have (1) = (1, 1) = 1.
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Suppose that II(A), TI(B) € T, and (I1I{A), II(B)) € D(®). Letting A = a,b,
+ -+ ab,and B=cd, + - + c,d,, we have that A + B € E(P X
Q) and applying (2.2) gives

oA © TI(B)) = ¢(I(A + B))
= Bla, b)) © -+ D Blay, by) D Blew, dv)
D - D Blew dn)
= $(11(4)) © ¢(I1(B))
Finally, to show that § = ¢ ° 7, we have for a, b # 0O that
d[(a, )] = dlll(ab)] = B(a, b)
and if a or b is O, then &[1(a, b)] = 0 =B, b). =

Let P and Q be S-sets and let 7 be their tensor product space as con-
structed in Theorem 3.1. Using the notation in the proof of Theorem 3.1, let
A, B € J(P X Q). The maximal (in length) common subsum of A and B is
denoted A N B. (Of course, A N B could be &J.) We then have A = A, +
AN Band B = B; + AN B for some A, B, € é(P X Q). We then use
the notation A; = A — A N B, By = B — A N B. The next corollary
characterizes those T that are effect algebras. Moreover, if P and Q are effect
algebras, it gives a sufficient condition for the existence of their effect algebra
tensor product. This condition may be useful for establishing the existence
of effect algebra tensor products for particular examples.

Corollary 3.2. (1) T is an effect algebra if and only if A —A N B~ B
— AN B forevery A, B e J(P X Q). (2) If P and Q are effect algebras
andifA —ANB~B— AN Bforevery A, B e J(P X Q), then their
effect algebra tensor product exists and equals (7, ).

Proof. (1) Suppose A —ANB~B—-ANBforevery A, B e J(P
XO.IfA+C, B+ Ce TP X Q),since Cis a subsum of (A + C) N
(B + (), it follows that A ~ B. Now suppose A, B, C € é(P X Q) and

IIA) @ II(B) = 1 = II(A) @ II(O)

Then A + B, A + C € (P X Q), so by the above, B ~ C. Hence, [I(B)
= [I(C), so (87) holds for T. Next, suppose (II(A), 1) € D(&D). Then A +
11 € (P X Q), sothere exists a B € €(P X Q) suchthat B + A + 11 €
F(P X Q). Since J + 11 € T(P X Q), we have B + A ~ . Hence, B =
A = ), so TI(A) = 0 and (86) holds for 7. Conversely, suppose T is an effect
algebra and A, B € J(P X Q). Then
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MA-ANB®IANB =1=IB—ANB DIIA N B)

Applying the cancellation law (Foulis and Bennett, 1994), we have II(A —
ANB=NIB-ANB),soA—-—ANB~B—-ANB.

(2) If the condition holds, then T is an effect algebra, so (7, 1) is the
effect algebra tensor product of Pand 0. m

4. S-SETS AND EFFECT ALGEBRAS

In this section we use morphisms to study relationships between S-sets
and effect algebras. We also employ S-set tensor products to obtain informa-
tion about effect algebra tensor products. Our first result shows that an S-
set is an effect algebra if and only if it admits an injective morphism into
an effect algebra.

Lemma 4.1. If P is an S-set, R is an effect algebra, and there exists an
injective morphism ¢: P — R, then P is an effect algebra.

Proof. For a € P there exists a b € P such that (a, b) € D(®) and a
@ b = 1. Suppose (a, ¢) € D(P) and a D ¢ = 1. Then ($(a), ¢(b)), (d(a),
$(c)) € D(D) and

d(@) © o) = 1 = dla) ® d(c)

Applying the cancellation law (Foulis and Bennett, 1994), we conclude that
&(c) = ¢o(b). Since & is injective, ¢ = b, so 1S(a)! = 1. Suppose a € P
with (a, 1) € D(®). Then (d(a), 1) € D(D), so d(a) = 0. Since ¢ is injective,
a=0 n

A subset P; of an S-set P is a sub-S-set of P if P, satisfies the follow-
ing conditions:

(1) 0,1 ¢ Py

2) Ifa b e P, with (a, b) € D(D), thena ® b e P,.

(3) Ifa e Py, then there is a b € P, such that (a, b) € D(D) and a
©b=1

If P is an effect algebra and P; C P, then P, is a sub-effect algebra of
P if P, is a sub-S-set of P. In this case (3) can be replaced by the simpler
condition: if a € Py, then a’ € P,. It is easy to verify that a sub-S-set P;
with D restricted to P; is an S-set. The same holds for a sub-effect algebra.
If P and Q are S-sets, then a morphism ¢: P — @ is strong if (d(a), (b))
e D(®) implies that there is a ¢ € P such that d(c) = d(a) D d(b).

Lemma 4.2. If P and Q are S-sets, then a morphism ¢: P — Q is strong
if and only if &(P) is a sub-S-set of Q.
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Proof. Suppose &(P) is a sub-S-set of Q. If (d(a), &(b)) € D(D), then
bla) D b(b) e &(P). Hence, there is a ¢ € P such that d(c) = d(a) D d(b),
so ¢ is strong. Conversely, suppose that ¢: P — Q is strong. Then 0 = ¢(0)
e &(P)and 1 = ¢(1) € O(P). If (db(a), b(b)) € D(D), then thereisac e
P such that d(a) D &) = d(c) € G(P). Finally, if &b(a) € d(P), then there
isa b € P such that (a, b) € D(®) and a © b = 1. Hence, (d(a), &b(b)) e
D(®) and db(a) D dB) =1. =

We have seen in Lemma 4.1 that if an S-set P has an injective morphic
image in an effect algebra, then P is an effect algebra. If such an image does
not exist, does P still “contain” an effect algebra? More precisely, does there
exist an equivalence relation ~ on P such that P/~ can be organized into
an effect algebra and the canonical map {i(a) = [a]~ is a morphism? A
necessary condition for this to hold is that there exists a surjective morphism
&: P — R where R is an effect algebra. We now show that this condition
is sufficient.

To begin, let P and Q be S-sets and let &: P — Q be a surjective
morphism. For a, b € P, we write a =~ b if &(a) = &(b). It is clear that =~
is an equivalence relation and we denote the equivalence class containing a
by [a]. Using the notation

Plp = {la}: a € P}

we define the canonical surjective §: P — P/ by (a) = [a] and the map
d) Pld — Q by d)([a]) = ¢(a). Notice that ¢ is well defined. We define the
partial binary operation @ on P/¢ as follows. Declare that ([a], [b]) € D(®D)
if (d(a), &b(b)) € D(D) and in this case [a]___EB [p] = [c], where ¢ e P satisfies
d(c) = dla) D d(b). Again we see that @D is well defined.

Theorem 4.3. If P and Q are S-sets and ¢: P — ( is a surjective
morphism, then @ = (P/, [0], [1], @) is an S-set, Y: P — Pl is a surjective
morphism, ¢: P/¢ — Q is an isomorphism, and ¢ = ¢ o .

Proof. It is clear that [0] # [1] and that S1 holds for ?. To show that
P satisfies S2, suppose ([al, [b]), ({a] © [b], [c]) € D(D). Then (d(a), b(b))
e D(®) and [a] ® [b] = [d], where d(d) = d(a) D d(b). Moreover, (d(d),
d(c)) e D(®) and

(1) @ b)) B [c] = [d] D [c] = [e]

where d(e) = ¢(d) @ (). Then (d(b), db(c), (d(@), d(b) D d(0) €
D(D) and

d(a@) © (b(D) D $(c)) = (@) © (b)) © d(c) = dle)

Letting &(f) = &(b) @ db(c), we have ([5], [c]) e D(@) and [b] D@ [c] =
[f1. Moreover, ([a], [b] D [c]) € D(®D) and
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[al ® ([p] @ [c]) = [e]

To verify S3 for P, let [a] € P/d. Then there exists a b = P such that
(a,b) e D(D)anda D b = 1. Then (¢(a), d(b)) € D(D) and $(a) D d(b) =
&(1) = 1. Hence, ([al, [b]) € D(D) and [a] D [b] = [1]. To show that P
satisfies S4, it is clear that ([0], [a]) € D(®) and [0] D [a] = [a] for all a
€ P. Finally, to show that P satisfies S5, suppose that ([a], [b]) € D(D)
and [a] & [b] = [0]. Then (db(a), &(b)) € D(DB) and b(a) B $(Bb) = 0.
Hence, ¢(a) = (b)) = 0, so [a] = [b] = [0]. We conclude that P is an S-set.

To verify that s is a morphism, suppose (a, b) € D(®). Then (d(a),
&(b)) € D(D) and dla D b) = d(a) D d(b). Hence, ([al, [#]) € D(D) and

Wa @ b) = [a D b] = [a] © [b] = P(a) D W(b)

To show that & is a morphism, suppose ([a], [6]) € D(®). Then (b(a), d(b))
e D(®) and [a] D [b] = [c], where d(c) = d(a) D d(b). Hence,

&([al © [b)) = d([c]) = dle) = b(@) D d(b) = d(lal) B b([b])

To show that § is injective, we have d([al) = &([b]) implies d(a) = b(b),
so [a] = [b]. Finally, if ($([aD), &([b])) € D(D), then (d(a), $(b)) € D(D),
so ([a], [P]) € D(D) and [a} D [b] = [c], where d(c) = b(a) D b(b). Hence,

&~ (d([a]) © (b)) = & Yd([c)) = [c] = [a] B [b]
= & U(d([a]) D (b))
Thus, ¢ is an isomorphism and it is clear that ¢ = boP. m

Notice that a similar theorem holds if ¢: P — Q is a strong morphism.
The only difference is that now &: P/d — &(P) is an isomorphism.

Corollary 4.4. Let P be an S-set, R an effect algebra, and ¢: P — R
a surjective morphism. Then P = (P/¢, [0], [1], ©) is an effect algebra,
P — P/¢ is a surjective morphism, ¢: P/& — R is an isomorphism, and ¢
= ¢ o

Proof. 1t follows from Theorem 4.3 that % is an S-set and it suffices to
show that P is an effect algebra. To verify S6 for P, suppose that ([a], [1])
e D(). Then (db(a), 1) € D(D) and since R is an effect algebra, d(a) =
0. Hence, [a] = [0]. To verify S7 for P, let [a] € P/$. Since P is an S-set,
there exists a [b] € P/ such that ([a], [p]) € D(®) and [a] D [b] = [1].
Suppose ([a), [c]) € D(D) and [a] ©D [c] = [1]. Then

$(@) D d(b) =1 = d(a) D d(c)

Since R is an effect algebra, the cancellation law (Foulis and Bennett, 1994)
gives &(c) = d(a). Hence, [c] = [b}, so IS([a])| = 1. m
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If P and Q are effect algebras, it is known that their effect algebra tensor
product need not exist (Gudder and Greechie, 1996). We now characterize
the existence of their effect algebra tensor product in terms of their S-set
tensor product, which always exists.

Lemma 4.5. Let P and Q be effect algebras and let (7, 1) be their S-set
tensor product. Then their effect algebra tensor product exists if and only if
there exists a morphism ¢: 7 — R where R is an effect algebra.

Proof. Suppose the effect algebra tensor product (7, %) of P and Q exists.
Then by definition of (7, ), there exists a morphism &: T — T. Conversely,
suppose there exists a morphism ¢&: T — R, where R is an effect algebra.
Then ¢ o 7 is a bimorphism from P X @ into R. It follows from Dvureenskij
(n.d.) that the effect algebra tensor product of P and Q exists. =

Let P and Q be effect algebras and let (7, 7) be their S-set tensor product.
Suppose that their effect algebra tensor product (7, %) exists. Then there
exists a unique morphism ¢: T — T such that 4 = ¢ o 1. In this way, we
can obtain (7, 4) from (7, 7). The next result gives more information if ¢
is strong.

Lemma 4.6. It &: T > Tisa strong morphism, then (7/¢, [0], [1], @)
is an effect algebra and (7/d, § © 7) is the effect algebra tensor product of
P and Q.

__ Proof. 1t follows from Lemma 4.2 and Corollary 4.4 that (7/, [0], [1],
@) is an effect algebra and that ¢: T/p — &(T) C T is an isomorphism. It
thus suffices to prove that &(T) = T.Let s € T. Since #(P X Q) generates
T, there exist g; € P, b; 0,i=1,...,n,such that

s = May, b)) © - ® Hay, b)) = doa, b)) D - ® ¢ (ay by

But since & is strong, there exists a ¢t € T such that $(t) = 5. m
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